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Minimizing the Effects of Transverse Torques During
Thrusting for Spin-Stabilized Spacecraft

James A. Oldenburg* and Steven G. Tragesser’
Air Force Institute of Technology, Wright-Patterson Air Force Base, Ohio 45433

During an orbital maneuver of a spin-stabilized spacecraft, undesired transverse torques are present due to
thruster misalignment and offset from the center of mass. These body-fixed torques cause the thrust vector to
precess about a direction that is offset from the nominal. This oscillation of the thrust vector over the course of
the maneuver decreases the final magnitude of the AV while the average offset causes a pointing error. Previous
work shows that inserting a short-coast phase into the maneuver can eliminate the pointing error. The behavior
of the thrust axis is considered to find solutions for the coast phase timing that minimize the average oscillation
of the thrust axis to maximize AV, while retaining the property of eliminating the secular pointing error. The
new maneuver scheme realizes a significant increase in efficiency over the previous solution, particularly if the

oscillation of the thrust axis is large.

I. Introduction

PIN stabilizationis a common method of maintaininga desired

orientationin the presence of disturbing torques. This technique
can be used, for example, for a spacecraft and inertial upper stage
before an orbital insertion maneuver from a low Earth parking orbit
to a geostationaryorbit. Because of manufacturingerrors and uncer-
tainties, however, the force from the spacecraft thruster or inertial
upper stage will not be perfectly aligned with the spacecraft center
of mass as shown to an exaggerated degree in Fig. 1.

The thruster offset or misalignment results in a constant body-
fixed moment, which in turn causes the spin/thrust axis of the space-
craft to precess as shown in the left diagram of Fig. 2a. The middle
diagram of Fig. 2a shows the incremental AV for small time spans
as the satellite is thrusting and spinning. (Note that the thrust axis
precession is more complicated than the circular path depicted in
this simplified illustration.) If the thruster is perfectly aligned, the
case is nominal with no precession, and the incremental AV are
colinearalong the desired direction. With a small transverse torque,
however, the incremental AV are along the precessing thrust axis,
which is generally not in the desired direction. The right diagramin
Fig. 2a shows the summation of the incremental AV. The final AV
for the precessing satellite is smaller in magnitude than the nominal
AV and not aligned in the nominal direction. Thus, the misaligned
or offset thruster has the undesirable effect of both decreasing the
magnitude of the total AV and causing a pointing error.

In Ref. 1 a method of momentarily disrupting the thrust is de-
scribed that causes the thrustaxis precessionto be centered aboutits
initial (desired) directionas shown in Fig. 2b. This two-burn scheme
eliminates the pointing error, but may have a significant loss in the
total AV because the thrust axis still deviates from the desired di-
rection. Reference 1 and subsequent work>? focus on eliminating
the pointing error, but do not attempt to maximize the final AV.
The improved two-burn scheme developed here also uses a momen-
tary disruption of thrust to eliminate the velocity pointing errors.
In addition, the burn and coast times are selected to minimize the
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deviation of the thrust axis from the desired AV direction as shown
in Fig. 2c. This approach maximizes the magnitude of the final AV

II. Two-Burn Scheme

The two-burnscheme was developedby Longuskietal.' to reduce
pointing errors for thrusting, axisymmetric, spin-stabilized space-
craft. The theory was developed by analyzing the behavior of the
angular momentum vector. The authors assume that the spacecraft
is initially spinning perfectly along the desired direction of the AV,
which is aligned with the inertial Z axisin Fig. 3. When the thruster
is ignited, a thruster offset causes a transverse torque M,, which is
assumed to be about the body x axis without loss of generality. It
is shown in Ref. 1 that, for a small transverse torque, the inertial
components of the angular momentum vector are

Hy = (M, /) sin Qt, Hy = (M,/Q)(1 — cos Q1)

H, =1Q (D
where 2 is the inertial spin rate and I, is the moment of inertia
about the axis of symmetry, that is, the thrust axis. This behavior is
shown in Fig. 3. The Z component is constant, whereas the X and
Y components trace out a circle. This motion has an average bias p
of

)

In Ref. 1, the authors show that the secular pointing error of the
velocity vector is equal to the p offset in the angular momentum.
Thus, the behavior of the angular momentum vector appears to pro-
vide a good approximationfor the behaviorof the thrustaxis. Based
on this premise, Longuski et al. introduce a method to eliminate the
pointing error in AV by centering the cone in Fig. 3 about the Z
axis. The maneuveris shown in Fig. 4 in the inertial XY plane. After
the angular momentum vector has rotated through 60 deg, the thrust
is shut off (or otherwisedisrupted). The spacecraftcontinuesto spin,
but the angular momentum vector is fixed in inertial space because
there are no torques. If the spacecraft coasts for another 60-deg ro-
tation about the thrust axis and then begins thrusting again, the new
path of the angular momentum vector is centered about the Z axis,
which is the desired direction of the AV This eliminates the point-
ing error caused by the transverse torque. The duration of the initial
burn, t,, and the duration of the coast, ¢, are shown to be

p=tan"' (M, /1.Q*) ~ M, [ 1.

t,=t.=nm/3Q 3)

This maneuver, firing the thrusterfor 7 /32 s and then coasting for
7 /3% s before resuming full thrust, constitutesthe two-burn scheme
from Ref. 1. Of course, waiting additional revolutions during either
the burn or the coast phase also results in elimination of the pointing
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Fig. 2 Precession of thrust axis, incremental AV, and total AV for
spin-stabilized spacecraft: a) constant thrust, AV pointing and mag-
nitude errors; b) two-burn scheme, AV magnitude errors; and ¢) im-
proved two-burn scheme, magnitude errors reduced.
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Fig. 3 Angular momentum
vector during thrusting.
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error. Thus, the full range of possible initial burn and coast times
is

ty = (/3 4+2mm)/Q, t.=(@/34+27n)/Q @)
where m and n are each nonnegativeintegers pertaining to the num-
ber of additional revolutions during the initial burn and coast peri-
ods, respectively. On the basis of this angular momentum analysis,
the maneuver is equivalent for each of the different possibilities of
m and n. However, this conclusiondoes nothold when one considers
the dynamics of the thrust axis.

Final H Path Initial H Path

X

Coast Point

Fig. 4 Angular momentum vector for the two-burn scheme.

III. Improved Two-Burn Scheme

The approximate solution for the angular momentum used in the
developmentof the two-burn scheme is very effectivein eliminating
pointing errors; however, the maneuver can be further improved on
if we consider the dynamics of the spacecraft’s thrust axis. As with
the two-burn scheme, this maneuverhas an initial burn time of 7, and
then a coast time of .. As shown in Fig. 5, we use an Euler 1-2-3
sequence to describe the orientation of an axisymmetric spacecraft
with respectto the inertial XYZ frame. Assuming that the deviations
fromthe inertial Z axis are small, we can derive analyticexpressions
for the motion of the off-axisbehaviorof the axis of symmetry given
by the 6, and 6, Euler anglesaboutbody x and y axes. (See “Results”
section for the differential equations of motion.) After a duration ¢
of the second burn, the solutions for the Euler angles are

0, = (M, /1.Qa)[—cos(I,Qt /I, — at, — at.) + cos(Qu, + Q1)
+ cos(1,Qt /1, — at,) — cos(I,Qt/1,) — cos(21,)]
+ (M, /1,Qa)[cos(Q1) — cos(Q, + Q) + cos(Q,)]
-M, /1.9

0, = (M, /I,.Qu)[—sin(I,Qt /I, — at, — at.) + sin(Qt, + Q.)
+sin(1,Qt /1, — at,) —sin({,Qt /1) — sin(Q)]
+ (M, /1,Qa)[sin(Q2t) — sin(Qt, + Q.) + sin(Q1,)]

0; = Qt 5)

where I, and I, are the moments of inertiaperpendicularto and along
the axis of symmetry, respectively. The parameter « is defined for
convenience as

o= [ - L)/L]Q (6)

As in the two-burn case, we have assumed withoutloss of generality
that the moment is about the x axis. This solution is similar to the
one found by Wie* except this one has been formulated to include
the coast phase and second burn.

Isolating the constant terms from Egs. (5) yields the following
offset of the thrust axis

offsety; = (M, /1.2%)[cos(Q2t;, + 1,) — cos(Q1y) + 1]
offsetyy = — (M, [ 1.Q%)[sin(Q, + Q1) — sin(Qt,)] (7

Setting the offsetto zero, thatis, eliminatingpointingerror, yields the
same solutionsfor the burn and coasttimes given by Eqs. (4). Thatis,
the solutionfor the burn and coasttimes to negate the pointingerroris
identical when considering either the angular momentum vector or
the thrustaxis. Unlike the angularmomentum,however, the behavior
of the thrust axis is not identical for different values of the integer
revolutions m and n. Thus, the maneuver contains two additional
degrees of freedom (m and n) that are not obvious with the approach
from Ref. 1. The improved two-burn scheme uses these degrees of
freedom to minimize the oscillation of the thrust axis (as in Fig. 2¢).
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Fig.5 Euler 1-2-3 angle se-
quence and angular offset 6.

By inspection of the transformation matrix for the Euler 1-2-3
sequence, the angular deviation of the thrust axis away from the
desired AV direction (Fig. 5) can be shown to be

G- tan-! (\/cos2 6, sin® 6, + sin’ 6, )
= tan

®)

cos B, cosb,

Assuming small angles yields
0~ /02 + 62 9)

Therefore, the mean angular deviation from the desired AV
directionis

- 1 [
Oave = ;f 0% 4+ 67 dt = f(m,n) (10)
0

where (for the improved two-burn scheme) we only need to substi-
tute the time varying terms in 6; and 6, from Egs. (5) into Eq. (10)
because the constant terms in Egs. (7) are zero. This average of
the oscillationis a function of the known spacecraftparameters and
the initial burn and coast times, which are in turn a function of the
integer number of revolutions, m and n, according to Egs. (4).

Because nonzero values of 6,, reduce the final magnitude of the
AV due to components of the thrust being perpendicular to the
desired direction, AV is maximized by minimizing 0,, . This task is
accomplishedby varying m and n (the number of revolutionsduring
the burn and coast phases) and evaluating Eq. (10). The integral in
Eq. (10) is performed only over the intervals when the thrusteris on
because 6 deviations during the coast phase do not contribute to a
lossof AV.

The solution of the improved two-burn scheme parameters (im
and n) is dependent only on the spacecraft inertias, spin rate, and
total burn time, all of which are known to reasonable precision. The
moment M, in Egs. (5) can be factored out, so that the solution for m
and n does not depend on knowledge of the direction or magnitude
of the transversetorque, which is generally not known. The direction
of the moment is arbitrary because the locations of b, and b, are
arbitrary. The magnitude of the moment will only affect the relative
benefit of the improved two-burn scheme over the two-burn and
continuous thrust maneuvers; it does not effect the optimal burn and
coast times.

IV. Results

The numerical example used to demonstrate the potential effec-
tiveness of the improved two-burn scheme is based on a spacecraft
with inertias

I, = 5047kg - m?, I. = 4627kg - m? (11)
This example was deliberately chosen to highlight the difference
between the two-burn scheme and the improved two-burn scheme.
Some inertias result in nearly insignificant differences between the
two maneuvers.

The spacecraft for this example has a 400-N thruster with perfect
alignment in the b3 direction, but a 7.5-mm center-of-mass offset,
which causes a 3-Nm body-fixed torque. The mass of the vehicle
is 2000 kg, and the spin rate is 1.76 rpm. The total duration of the
thruster firing is 300 s for a nominal AV of 60 m/s.

avg

(deg)

Fig.6 Findingthe optimalburn and coast times, m and n, for improved
two-burn scheme.

To determine the optimal burn and coast times for the improved
two-burn scheme, we vary m and n and numerically integrate to get
the mean offset angle 6,, in Eq. (10). (Whereas the expression for 6
is analytic, it is notintegrablein closed form.) The results are shown
in Fig. 6. The value of the angulardeviationis nearly the same for all
cases with m > 8. For our case of a spinrate of 1.76 rpm, the time of
one full revolutionis 34 s. Therefore, an m value of 8 yields an initial
burn (before coast) of 272 s, which is nearly the entire duration of
the 300-s burn. The case of m =n =0 provides the original two-
burn approach. Interestingly, the average offset (and, thus, the AV')
is fairly insensitive to the initial burn, m, if the coast phase contains
no extra revolutions (n = 0).

The optimal two-burn maneuveris found by examining Fig. 6 for
the minimum 6,,. This pointisatm =2 and n = 3, where the average
angulardisplacementof the thrust axis is roughly half of the original
two-burn scheme. Therefore, the optimal initial burn time lasts for
two full revolutions plus an additional 60 deg, and the coast phase
is three revolutions plus 60 deg. By our hypothesis, this maneuver
should yield the largest AV. Figure 6 can also be used to evaluate
suboptimal maneuvers in the event that constraints (such as total
maneuver duration) do not permit the maximum AV maneuver.

Numerical simulation of the spacecraft attitude and translation
dynamics is used to determine the exact AV resulting from the
different maneuver types. The rotationaland translationalequations
of motion for an axisymmetric rigid body are

é] = ((1)1 ({0 03 — Wy Sil’l03)/COS 02, éz = w sin 0'; + w; cos 03

é3 = (—a)l COS 03 + wy Sil’l@j;) tan@z + w3

0 = —aw; + M, /I, Wy = awy, w3 =0

[vx vy UZ]TZA[O 0 fz/m]T (12)

where w; is the angular velocity about the 51- body axis, « is defined
in Eq. (6), f; is the thruster force along the thrust axis, A is the
transformation matrix from the body to inertial frame, and vy, vy,
and v are the components of velocity along the inertial coordinate
axes. The kinematic equations for translation are not integrated be-
cause we are only concerned with the maneuver A V thatis obtained
by subtracting the velocity of the spacecraft at the beginning and
end of the simulation. These first-order differential equations were
integrated using a sixth-order Runge-Kutta algorithm with variable
step size and a tolerance of 1 x 10716

The results of the simulation for the continuous thrusting, two-
burn scheme and the improved two-burn scheme are givenin Table 1
and plottedin Figs. 7-10. Figures 7,9, and 10 show the projectionof
the thrust axis of the spacecraft, b; onto the inertial X-Y plane
(Fig. 5). The axis is unit length, so that projections are fractions of
unity. For nominal thrusting, this projection would be a point at the
origin because the b; axis is aligned with Z. The time history of
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Table1 Performance of different maneuver types 0.5 T
é‘w’ Pointing AV, % of % 0.4f- P S
Type deg error,deg m/s  nominal i :
No offset (theoretical maximum) 0 0 60 100 fo)
Improved two-burn scheme 8.93 0.52 59.12 98.53 S o2t
Two-burn scheme 18.22 0.37 56.87 94.79 c
Continuous thrust 18.66 1.40 56.83 94.72 L o1r
5 L
0s f 5
% 0.4l 3_0'1 .................
I D02F L
> 0.3f 5 End of Coast
2 0.3
E ol GOB[ e\ i
° 2 Start of Coast
S £ _04f- e frbuiea i
2 0.1f = :
3 0 :
S o . . 0 05
& Thrust axis (b3) projection onto X-axis
&-0.1f
o Fig. 10 Motion of thrust axis, improved two-burn scheme.
L-02r
X
©
@ -03r the angle between the velocity vector and the desired Z direction is
€ 045 Sartof Simulation plott?d in Fig. 8 for each of the three cases. ‘ .
: Without any coast phase, the thrust axis follows the epicycle in
-0. . Fig. 7. This precession of the thrust axis, which has an average an-
-0.5 0 0.5 . . . .
Thrust axis (b3) projection onto X—axis gular displacement of 18.66 deg from the inertial Z axis, causes
) . . . a significant loss in the final AV. The final AV of 56.83 m/s is
Fig. 7 Motion of the thrust axis, continuous thrust. roughly equal to the nominal value of 60 m/s times the cosine of

the 18.66-deg displacement. This AV represents a loss of 5.28%
- Continuous Thrust compared to a perfectly aligned thruster (Table 1). The angle be-
‘| == Two—-bum maneuver tween the velocity vector and the desired Z direction for this case
; [=——_Improved Two-burn maneuver is the dashed line in Fig. 8. The pointing error oscillates due to the
AR R R, thrust axis precession, and it is asymptotically approaching 1.1 deg
(0.019 rad). This is due to a bias in the precession (p in Fig. 3) and
is accurately predicted by Eq. (2). This steady-state pointing error
is also evidenced in Fig. 7 as a bias of the motion of the thrust axis
in the positive Y direction. The steady-state pointing error is quite
small compared to the oscillation of the thrust axis because this sim-
ulated case has been chosen to highlightthe differencesbetween the
original and the improved two-burn schemes.

Performing the two-burn scheme does little to reduce the mag-
nitude of deviation of the thrust axis from the desired Z direction;
o thus, Fig. 9 is similar to the continuous case. As a result, the final
AV magnitude is nearly identical to the earlier continuous thrust
case. The coast phase, however, is successful in removing the bias

: : : : : X : of the oscillation and so Fig. 9 does not have the 0.019-rad offset
0 50 100 150 200 250 300 350 400 450 present in the Fig. 7. As a result, the pointing error is reduced to
Time (sec) 0.39 deg, as shown in Fig. 8, and eventually approaches zero for
very long burns.

The new maneuver, shown in Fig. 10, significantly reduces the
05 : deviationof the thrust axis from the Z axis. This reductionin coning
angle yields a final AV of 59.12 m/s, which is an increase of about
2.3 m/s from the earlier two cases. However, the pointing error in
Fig. 8 is slightly increased. The increasing amplitude oscillations
in the pointing error toward the end of the maneuver do not in-
crease, but instead approach a steady-state error of about 0.5 deg
(after several more minutes). The steady-state pointing error is not
eliminated for this case because the expressionsthat governthe burn
and coast times are based on a linearized set of equations of motion
that explicitly assume small angular deviations from the desired Z
direction. The angle between the thrust axis and the Z axis for this
improved two-burn example is 12.6 deg at the start and end of the
coast phase (the critical junctures in the maneuver). For cases in
which these angles are small (e.g., 0.5 and 1.5 deg at the start and
end of the coast for the two-burn maneuverin Fig. 9), the improved
= two-burn maneuver does result in an oscillation centered on the
Start of Coast 3 origin with a zero steady-state pointing error.

L An alternative to the discussed procedure would be a nonlinear

0.5 programming algorithm used in conjunction with numerical sim-
ulation to optimize the burn and coast time to maximize the AV

Fig.9 Motion of thrust axis, two-burn scheme. magnitude while eliminating the secular pointing error. The method
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used here has the primary advantage of being much faster to com-
pute because it does not require any simulation. Our method is also
extremely robust because it is not iterative. Its primary weakness is
the small angle assumption mentioned in the preceding paragraph.
However, because the aim of spin stabilizationis to keep the thrust
axisdeviationswithinareasonablemagnitude,the linearapproxima-
tion should not pose a significant limitation. Of course, the analytic
formulation developed here could also be used to provide initial
guesses for more precise numerical searches. .

To help validate the conjecture that minimizing 6,, will maxi-
mize AV, all of the cases from Fig. 6 (0 <m <10 and 0 <n < 10)
have been simulated. The resulting AV is plotted against the semi-
analytic 6,, in Fig. 11. The plot does display the trend that higher
AV occur when the amplitude of the precession is small, but the
plot is not perfectly monotonic. The nonsmooth nature of the plot

60 T T T I T T l T
me
50| o?o. ...... ...... I L _
8% © og
58k e ]

BB 8

54 . ; ; ; . ; i L%
8 10 2 14 16 18 20 22 24 26
Average deviation (deg)

Fig.11 Correlation between average angular deviation and magnitude
of total AV.

is probably due to the small angle assumption. (Note that the error
in this assumption does not increase smoothly with increasing 0,,
because this parameter is not correlated with the maximum ampli-
tude encountered during the maneuver.) This may introduce some
errors into the optimal burn and coast times, but the computational
efficiency of this formulation (vs numerical optimization methods)
is probably worth this small sacrifice in accuracy.

V. Conclusions

Considerationof the attitude dynamics of the thrust axis of a spin-
stabilized spacecraft reveals multiple solutions for burn and coast
times that significantly reduce or eliminate the pointing error of a
thrusting spacecraft. The improved two-burn scheme optimizes over
the set of these maneuvers to minimize the magnitude of the thrust
axis precession and, thereby, maximize the final AV. Analytic so-
lutions for the time history of the oscillation of the thrust axis are
used to find the optimal burn and coast times. For the case shown,
the new maneuver scheme significantly improves the percentage
of AV acquired compared to both continuous thrust and the pre-
viously developed two-burn maneuver. This solution depends only
on known spacecraft properties and does not require explicit a pri-
ori knowledge of the transverse moment. This new maneuver may
be used to increase accuracy and to decrease fuel expenditure for
orbital injection and large orbit correction maneuvers.
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